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The signature of a path is a formal series of its iterated integrals. In |Chen54| . 
, _ K.T. Chen observed that the map that sends a path to its signature forms a ho- 

Mh . momorphism from the concatenation algebra to the tensor algebra and used it to 

r^ I study the cohomology of loop spaces. Recent interest in the study of signature has 

^ ■ been sparked by its role in the rough path theory. In particular, it was shown by 

Hambly and Lyons in |LH02 ] that for DDEs driven by paths with bounded total 
variations, the signature is a fundamental representation of the effect of the driving 
signal on the solution. 
'^ I If we consider the signatures of paths as a representation of paths, then an inter- 

esting question is whether this representation is faithful. This was first considered 
by Chen himself |Chen58| . who proved that irreducible, piecewise regular continu- 
[~^ ' ous paths have the same signature if and only if they are equal up to a translation 

^^ . and a reparametrisation. 

tH- I His result was generalised with a new, quantitative approach by Hambly and 

(^ . Lyons in |LH02j who showed that two paths 7 and 7 with finite total variations 

CO I have the same signature if and only if 7 can be expressed as the concatenation of 

7 with a tree-like path a. A continuous function a : [0, 1] — >■ R"^ is tree-like if there 
exists a continuous function h : [0, 1] — > [0, 00) such that h{0) = h (1) = and 

V) ' \at-(7s\<h{t) + h{s)-2 inf h{u). 

r,^ ' S<U<t 

b ■ ~ ~ . . 

Cu ' In this article we establishes uniqueness amongst paths 7 satisfying the following 

conditions: 

Let D be the unit disc in C 

(1) 7 can be reparametrised as a continuous curve 7 : [0, 1] — > D, such that 
7 (0) = -1, 7 (1) = 1 and 7 (0, 1) C ©. 

(2) 7 has finite p-variation for some 1 < p < 2. 

(3) 7 is a simple curve. 

Let C2 (— 1, 1,10') denote the set of paths 7 satisfying these three conditions. Let 
S {'j) denote the signature (see Definition S]) of a path 7. 

Theorem 1. Let 7, 7' e C2(-1,1,D). Then S {-f)^^^^ = 'S'(7')o,i «/ «"^ on/j/ if j 
and 7' are equal up to a reparametrisation. 
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An interesting, but difficult extension is to prove that if tfie signatures of two 
curves witli finite p > 1 -variations are equal, then the paths are equal up to the 
tree-like path equivalence. The restriction 1 < p < 2 gives us the existence of 
signature for free, thanks to Young's integration theory. 

Theorem [1] only applies to paths with finite p- variations, where p < 2. In par- 
ticular, our results can only be applied to study stochastic processes whose sample 
paths are almost surely smoother than the Brownian motion sample paths. One 
example of such processes is the Chordal SLE^ measure. The SLE measures were 
born from the study of lattice models which have conformally invariant scaling limit. 
There are a number of other lattice models whose scaling limit have been proved to 
be an SLE curve under some boundary conditions, such as the loop erased random 
walk {k = 2, |LSW04 j). the Ising model (k = 3, |CS12| ). the level lines of Gaussian 
Free Field (k = 4, [SS09J), percolation on the triangular lattice (k = 6, |CN07j and 
|Snv01| ). and the Peano curve of the uniform spanning tree [k — 8, |LSW04| ). 

The path regularity and, in particular, the roughness of SLE curves, in relation 
to the speed k of the driving Brownian motion, is an extremely interesting topic. It 
is intuitively clear that the SLE curves becomes rougher as the speed of the driving 
Brownian motion increases. In [JLIO], the optimal Holder exponent of SLE curves 
under the capacity parametrisation was proved to be 

. /I 
mm — , 1 — 



2' 24 + 2k-8a/8T^ 

In |Bef08| . V. Beffara proved that the HausdorfF dimension of SLE curves is 
min (l -I - f , 2) . Therefore, the optimal Holder exponent cannot exceed 1 + f • B. 
Werness |Wer 1 2| proved that for < k < 4, almost surely, there exists a parametri- 
sation under which the SLE curve is a- Holder for any a < -ttk- In another words, 
the roughness of an SLE curve grows linearly with the speed of the driving Brown- 
ian motion. It is strongly believed that this remains true for 4 < k < 8. However, 
to the best of our knowledge, this problem remains open. 

Werness's result allowed him to define the signatures of SLE curves using Young's 
integral and used Green's theorem to compute the first three gradings of the ex- 
pected signature of SLE curves. 

In [LQ12J. Le Jan and Qian proved that the signatures of Brownian motion 
sample paths determine the Brownian motion paths almost surely. The result 
was extended to diffusion processes in |Gengl3| . Both results rely on the Strong 
Markov property. Although the Chordal SLE^ measure is not Markov, the inversion 
problem can be tackled for k < 4 since the Chordal SLE^ measure is supported on 
simple curves from —1 and 1. Therefore, it follows from Theorem [1] from the last 
chapter that: 

Theorem 2. Let < k < 4. Let P be the Chordal SLE^, measure in D with 
marked points —1 and 1. Then there exists a ¥-null set Af such that if^,j' G Af'^ 
and S (7)q i — S (7')o i' then 7 and 7' are equal up to a reparametrisation. 

The plan for the rest of the article is as follows. 

In section 2, we recall the definition and properties of signature. 

In section 3, we prove Theorem [1] 

In section 4, we prove Theorem [H 



almost-sure uniqueness for the signature of sle curves 3 

2. The Signature of a path 

2.1. Basic notations. Let T" (R'^) and T {W^) denote the graded algebras on M"^ 
defined by 



and 



r(M'^):=®r^o(R'^)''' 



where (M'') :— M. We equip T (M'') with the Euclidean metric by identifying 
(M'*)^' with M-^'. 

Let p > 1 and let V^ ([0,r] ,R'*) denote the set of all continuous functions 

7 : [0,r] ^M'^ such that 

(2-1) h\\vHlo,T]M-') :=supXl|7tfc+i -7tfer <oo- 

''^ k 

where the supremuni is taken over all finite partitions V := (to, ti, .., i„-i, in), where 

O = to<ti< ...< tn-l <tn=T. 

The elements of V^ ([0, T] , W^) will be called curves with finite p- variation. 
Note that ||-||yp(ro t] R'') defines a norm on V^ ([0,r] ,M''). 

2.2. Young's integrals, signature and approximation theorems. While the 
Lebesgue-Stieltjes integration theory is sufficient to define integrals against func- 
tions with finite 1-variations, we need Young's integration theory to define integrals 
against functions with finite p variations, where 1 < p < 2. A proof of the following 
criterion for the existence of Young's integral can be found in |I LCL04) : 

Theorem 3. (L. Young \Yng36\ )Let p,q > I be such that ^ + ^>l,T>0 and 
t e [0,T]. Then for 7. € VP([0,i] ,R) and j'. e V ([0,i] ,R), the following limit 
exists: 

(2.2) /7d7':=^^lim^E 7.(7^.-7.', 

where the sum is over partition points Q ~ t^ < ti < .. < tn = t in V , and 

\\V\\ := supjt,+i -t^\. 



Furthermore, as a function oft, t — > /q 7d7' e V^ ([0, T] ,R), and there is a 



r* 


constant Cp^q > depending only on p and q such that 
(2.3) 



/ (7s-7o)d7^ < C'p^9ll7llvp([o,T].R) ll7'llv<!([o,T],R)- 

•'0 vila^TlM) 

The limit in (12. 2p is called the Young 's integral of 7 with respect to 7' . In the 
case when 7' has finite 1-variation, the integral coincides with the Lebesgue-Stieltjes 
integral. 

Theorem E] allows us to define the signature of 7 e V ([0, T] , M'') for 1 < p < 2. 
We will use A„ {s,t) to denote the set {{ti, ..,i„) : s < ti < ... < tn < t} and A to 
denote the set {(s, i) : < s < t < T}. 

Definition 4. Let 1 < p < 2 and 7 G V^ ([0,T] ,M''). The lift of 7 is a function 
S{-) : A ^T(M''), defined by 



(2.4) 5 (7),_, := 1 + }_^ / d7t, ®...®d7t 
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where the sum + is the direct sum operation in T iW^') . 
The signature of 7 is defined as S {•^)qj,. 

Remark 5. S{-i), . is well-defined for 7 e V^ ([0,r] ,R''), with p <2 because, for 
instance, / d7 (g) d7 exists because - + - > I. Moreover, the resulting integral 
remains in V^ ([0,r] jK''), so the resulting integral can be integrated again with 
respect to 7. 

Remark 6. Let ei, .., e^ be the standard basis in M'^. If 7. = X]i=i r ^ij then p.4[) 
can also be written as 

00 „ 

^(7).*:-l + E E / d7i:^^..d7l:"^e,,®...®e,„ 



n=\ l<n,..,i„<d''^"('''*) 

The term J'^ , ^^ d7t^ ...d7t*" will be denoted by 7'i*2-»n jf ^q confusion 



possible. 



IS 



Remark 7. The signatures of rougher paths, if exist, will have to be defined using 
the Rough Path theory. We shall not need it in this chapter. 

We shall use the following properties of signature, whose proofs can be found in 
|LCL04j . 

1. (Invariance under reparametrisation)For any t £ [0,oo), S' (7)0 ^ is invariant 
under any reparametrisation of 7 on [0, i]. 

2. (Inverse) S (7)0 j. (g) S* ( 7 )q j. = 1, where 7 (t) := 7 (T — t) is the reversal of 
7 and 1 is the identity element in T (R'') . 

3. (Chen's Identity)S' (7)^ „ <Si S (7)^ ^ = S {'j)^^ for any < s < u < i < T 

4. (Scaling and translation)Let A G W^, fj. GM., then 

00 „ 

-S (A + Ai7)s t = 1 + E ^" / ^7 (^1) ^ - ^ ^7 (*») 

„^l JA„{s,t) 

5. (Shuffle product formula) If we define a shuffle of 1, ..., r and r + 1, ..., r + s 
to be a permutation of {1, 2, ...,r + s} such that cr(l) < cr(2) < .. < ct (r) and 
cr(r + 1) < ... < CT(r + s) . 

Proposition 8. (%CL04j , T/ieorem 2.15)Let 1 < p < 2 and j e V^ ([0, T] ,M'^), 
i/ien using the notation of Remark\^ 

shuf fles a 

where ■ is the multiplication operation in R. 

The sum Es/m//;es a 7*"'""'*"'"''''"'*''+°' is denoted by ^fei---ferUfe,+i...fe,+»^ 
The signature of a curve 7 is normally evaluated by first calculating the signature 
of its piecewise smooth approximation, and then taking limit in IMlvpfro ti R"*)- ^ 
natural candidate for such an approximation is the piecewise linear approximation. 
For a continuous function 7 and a partition 7-" := to = < ii < .. < t„ = T, 
the piecewise linear interpolation of 7 with respect to V is defined as the following 
function on [0,T]: 

7r := lu + f 2^1+1^) {t - t,) for t e [t„ t,+i] 

V tj+l — ti J 
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Then the fohowiiig approximation theorem holds: 

Lemma 9. (Lemma 1.12 and Proposition 1.14, [^LCL04| ).Let p and q be such that 
l<p <q. Letj£VP{[0,T],R''). Then for all finite partitions V, 

II ''ll <r II I 

\U llvp([0,T],R<i) - nilVP([0,T],R<*) 

Furthermore for all e > 0, there exists a S > such that for all partitions V of 

[0,r] satisfying \\V\\ < 5 we have 

II -p II , 

\\'^~^ llv9([o,T],R'') "^ e, and 

sup ||7t-7r|| < e- 
te[o,T] 

We shall need to use Green's theorem to evaluate the signature. In order to 
ensure that the domain we are integrating over is Jordan, we will approximate our 
curves by simple curves. This is made possible by the following lemma: 

Lemma 10. < ^Werl2| . Lemma 4-3) Let 7 : [0, 1] — > C 6e a continuous simple curve. 
Then for all e > 0, there exists a partition V of [0, 1] such that \\V\\ < e and 7^ 
simple. 



IS 



The lemma relies crucially on the uniform continuity of 7. The following corollary 
follows immediately. 

Corollary 11. Let 7 : [0, 1] — > D &e a continuous simple curve such that 70 — —1, 
71 = 1 and 7t C D for all t £ (0, 1). Then for all e > 0, there exists a partition V 
of [0, 1] such that HPJI < £ and ^'^ is simple. Furthermore, 7^^ C ID for t G (0, 1) 

and 7^ = -1, 7f = 1 . 

Proof. The only thing to prove is j''^ (0, 1) C D. Since jtnlti+i C D for i 7^ or 
n ~ 1, thus by the convexity of D, the line segment between jf. and "fti-,-1 lies in D. 
Note also that the line segment between 70 and 71 and the segment between 7„_i 
and 7„ also lies in D by convexity. Thus we have the result. D 

The following lemma is extremely useful in proving the properties of Young's 
integral. 

Lemma 12. Let^ : [0, 1] -^ M.'^ be a continuous curve with finite p-variation, where 
p < 2. Let Vm be a sequence of partitions such that Vm contains both and 1 for 
all m and WV-mW — >■ as to — >■ cx). For any / G {1, . . . , d} , 

(2.5) ^'[^(7)0.1! = 1™ ^'[5(7^)01" ■ 

Proof See Corollary 2.11 in |LCL04| . D 

3. Uniqueness of signature 

Recall that the term 7^ii-i22...2 j-g^g RemarklB]) with n Is and k 2s is an important 
term in the signature of rj for our purpose and will be given the special notation 
r]n,k- These particular iterated integrals can be reduced to just one line integral, 
which can be evaluated using Green's theorem. This idea is the content of the 
following lemma. 
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Lemma 13. Let 77 : [0, 1] — > K^ he a positively oriented, simple closed curve with 
hounded total variation and D he its interior, then 

(3.1) Vn,k = (,!i), (fc^„i), /^ (- - ^o'O" ' ('^o'' - y) ' dxdy 

Proof. Let r/^'and rj^"^' be the first and second coordinate components of rj respec- 
tively. 

Recall that 



Vn,k = / d??^^ 
JO 



(1) <^Ar^^^...d^^^. 



The key idea here is to integrate with respect to rj'^'^^s first and then integrate 
the yy^^^s. 

Tln.k = /".../" d,7(^^)...d77(;;)d77(2)...d,y(2) 

;Jy(.i^^-.r)"d,(?)...d,(^) 

0<si<...<Sfc<l "" ^ ^ 

1 /•! /•! pi 1 . . ^ 

/ - / / -\ W^^ ~ ^0'^) dryi^-.dTyi^) by Fubini's theorem 

J SI Jsk-2 Jsk-1 "■ ^ ^ 

l' (1)\ "^-'- / (2) \ '^^"'" 

. X — 7]q \ \Vi v] dxAy by Green's Theorem 



(n-l)!(A;-l)!y^ 



where D is the interior of ry. D 

Remark 14. B. Werness |Werl2| is the first to realise that the Green's theorem can 
be used to compute some terms in the signature of a curve. He used it to compute 
the first three gradings of the expected signature of SLE curve. 

Note that Lemma [T3l cannot be applied directly to elements of C2 (— 1, 1,D) as 
they are not closed curves and are "too rough". For the first problem, we need to 
"closed off" the curves in C2(— 1,1,D) by concatenating it with the upper semi- 
circular boundary of D from 1 to — 1 . Let us describe this more precisely. 

Recall that C2 (—1, l,©) is defined just before Theorem[T] 

Let (j) denote the anti-clockwise semi-circular boundary of D, or more precisely, 
4>{t) := (cost,sini),0 < t < tt. 

Let p > 1. For elements 7 and 7 in V^ ([0, T2] , W^) and V^ ([0, Ti] , W^) , define a 
concatenation product •iVP ([0, Tz] , K"^) x V^ ([0, Ti] , K'')^VP ([0, Ti -f T2] , W^) by 

7*7 (u) := 7(u), u e [o,ri], 

7*7H := 7("-Ti)+7(ri)-7(0), ue[Ti,Ti+T2] 

Then for 7 G C2 (— 1, 1, D), rj — ^ -k (j) is a simple closed curve. 
As rj does not in general has bounded total variation, we will prove a version of 
Lemma [T3l that works for rj. 

Lemma 15. Let 7 G C2 (—1, 1,B) . If rj = ^ i^ 4> j then \3. 1\} holds for rj. 
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Proof. Let 7 G C2 (—1, l,©)- By Lemma \Tl\ there exists a sequence of partitions 



IS a 



i'Pm)jn=i '^^ch that \\Vm\\ — t- as m — ?► oo, 7q "" = —1, 7^ '" =1 and 7^^™ • 
simple closed curve. Note in particular that 7^™ • is a simple closed curve and 
let Dm be the interior of 7'''" • cj) j which we shall denote as 77^"'^ 

Since 7'^" — > 7 in ||-||j^, we have for each {x,y) S M.'^\rj[J'^^i V^'" ^ l-D™ {x,y) -^ 
Id ix,y), where D is the interior of rj. As 7 has finite p- variation, where p < 2, 7 
can be reparametrised to be a i-H61der continuous path (|IjCL04J, Section 1.2.2) 
and hence 7 [0, 1] has HausdorfF dimension strictly less than 2. Therefore, the set 
V^m=iV''^"^ has two dimensional Lebesgue measure is zero. Thus Ijj,^^ — > Id almost 
everywhere on K^ in Lebesgue measure. 

By the bounded convergence theorem, 



lim / {x + 1)" {~y) 1_D dxdy 



fe-1 



By Lemma [T^ 



(x + 1) (-y) iDdxdy 



Ji™ T^I =7n,fc- 



(|3.ip then follows from Lemma [T^l □ 

Before proving our main result, we need just one more technical lemma. 

Lemma 16. Let 7,7' e C2 (-1, 1,©). // 7 [0, 1] = 7' [0, 1], then there exists a 
continuous strictly increasing function r (t) such that 

lr{t) = it 

for all te [0,1]. 

Proof. Let 7"-"^ denote the inverse of the function t —> 'jf, which exist as 7 is a 
simple curve. 

Define a function r : [0, 1] — > [0, 1] by r (t) = 7^^ o 7' (i). 

As both 7 and 7' are injective continuous functions and 7 [0, 1] = 7' [0, 1], thus 
r is a bijective continuous function from [0, 1] to [0, 1]. Hence it is monotone. 

But 7o = 7o = ^1) 71 = 7i = li so r (0) = and r (1) = 1. Hence r is an 
increasing function and the result follows. D 

We now prove the main result of this chapter. 

Proof, (of Theorem [1} The only if direction follows from the invariance of signature 
under reparametrisation. 

Let 7,7'eC2(-l,l,e) be such that S* (7) ^ S {-/'). 

Let rj :— '^ -k (j) and77' := 7' • </) . By Chen's identity, S (7) — S (7') implies 

•S" ('7)0,1 = -S* (??')o,i ■ 
Let D and D' be the interior of 77 and 77' respectively. 
Since 7, 7' G C2 (—1, 1, D), we have by Lemma [15] that for (p = rj,ri' , A = D, D' , 

1 (-1)'^' /•/. , .^n-l ,fc~i. 



(3.2) ^»^^- (.,_i)!(fc_i), /(-+^r^^^"^d.d. 

Then S (77)0 ^ = 5* (»y')o 1 iii^pli^s that 
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(x + 1)" ^y''-HD{x,y)dxdy= / (a; + 1)" ' y'^-'lo' {x,y)dxdy 



for all n and k. 
Thus 



g»Ai 






for all (Ai,A2) £ R^ 

By the fact that Fourier transform is injective on L^ (R^) , 

(3.3) lD{x,y) = ^D' {x,y) 

for almost all {x,y) € M^. 

Therefore, both D\D' and D'\D are null sets with respect to the Lebesgue 
measure. 

As both D\D' and D'\D are open, so they must both be empty. This means 
D cl7 and D' C D. Thus = 17. 

Note that as 7, 7' are simple curves and 7, 7' C B except at the endpoints, the 
domains D and D' are Jordan domains. Using the Jordan curve theorem, we can 
prove that M?\D — M^\Z3 for any Jordan domain D. 

As U = 77, we have R2\D = R^\D' , implying that 7 [0, 1] = 7' [0, 1]. The resuU 
follows from Lemma [TH D 

4. Signature Inversion for Schramm-Loewner Evolution 
Let ( 51, J^, (J^t)j>Q , P j be a filtered probability space. Let (Bt : i > 0) be a one- 
dimensional standard Brownian Motion. Let < k. Let z e M\ {0}. For each 
w £ O, consider the initial value problem: 

(4-1) TL ^—f ^ ^„ f ^ 9o{z) = z 

dt gt(z,uj) - ^KBt[LO) 

We shall recall the following facts about gt from [RS05| . 

(1) For each w, a unique solution to this equation exists up to time T^ > 0, 
where Tj is the first time such that gt — \ffiBt -^ Q as t ^f Tz- 

(2) Define 

iJt = {2 e H : f < TJ and Kt = M\Ht 

Then Ht is open and simply connected. 

(3) For each time i > 0, gt defines a conformal map from Ht onto H. In 
particular, gt is invertible. 

(4) Let /( (z) := g^^ (z + ^/nBt). There exists a P-null set J\f such that for ah 
ijj eN"", the limit 

7(t,w):= lim /t(z) 

exists and t —^ ^ [t) is continuous. The two dimensional stochastic process 
(74 : t > 0) is called the Chordal SLE,^ curve. 
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The Loenwer correspondence from a continuous path t —^ Bt (w) to i — >■ ^{-,10) 
is in fact deterministic and one-to-one. Therefore, the measure on the Brownian 
paths induces, through this correspondence, a measure on paths in H from to cx), 
which we shah cah the Chordal SLE^ measure in H. 

Proposition 17. Let P^ he the Chordal SLE^, measure in H. Then with probability 
one, the following holds: 

1. i^ |Werl2| . Section 4-l)If < k < 4, then for any p < 1 + -I, 7 has finite 
p-variation. 

2. ^ |RS05] ■ Theorem 1.1 and Theorem 6.1)j : [0,oo) — > H satisfies 70 = and 
hmin ft_»oo7 t = oo. 

3. /^ fRSOS] ■ Theorem 6.1)For < k < 4, t — > 7^ is a simple curve and 7 (0, 00) C 
H 

The fact that limt_->.oo 7t = 00 a.s. means that the signature S (7)0 ^ will not 
be defined. Therefore, we shall follow |Werl2| and opt to study the Chordal SLE^ 
curve in the unit disc D. from —1 to 1. The Chordal SLE^ measure in domain D 
with marked points —1 and 1 is defined as follows: 

Definition 18. For k > Q. Let P be the Chordal SLE^ measure in M., D he a 
simply connected subdomain of C, a,b G dD and / be a conformal map from H 
to D, with / (0) = a and / (00) = b. Then the Chordal SLE^ measure in D with 
marked points a and b is defined as the measure P o f~^. 

Remark 19. Although there is a one dimensional family of conformal maps / such 
that / maps H to Z?, to a and cxo to b, the scale invariance of the Chordal SLE 
measure in H means that the measure Po f^^ is the same no matter which member 
/ in this one dimensional family we use. 

We now prove our almost sure uniqueness theorem concerning the signature of 
SLE curves. 

Proof, (of Theorem [2]) Let P^ be the Chordal SLE^ measure in D with marked 
points —1 and 1. Then by Proposition [T71 there exists a P^-null set Af, such that 
for aU 7 e TV'', 

1. 7 (0) = -1, 7 (1) = 1 and 7 (0, 1) C D. 

2. 7 has with finite 1 < p < 2 variations. 

3. 7 is simple. 

Therefore, in particular, Af C C2 (-1, 1,©). 

Let 7,7' € Af'^ be such that £'(7) = <5'(7'), then by Theorem [U 7 and 7' are 
reparametrisations of each other. D 
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